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Abstract

The aim of this paper is to state and prove some basic formulas related with the numerical
solution of the parameter estimation problem in nonlinear dynamical models. We consider
a general approach to solve the inverse problem and prove several gradient and hessian’s
formulae for the continuous problem and for some of its discrete approximations. Regular
and stiff schemes for ODE models with constant or variable step size policy are included.

1 General Approach

1.1 The parameter estimation problem

We consider the following continuous optimization problem:

min  J(u) = :iw (i), 51,
f (at

s.t. ),u,t), t €[0,T1],
(w), (1)
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where: z € R*, u e R™, z € RP, p, : NP X RP - RN, f: R x R™ x [0,T] = R, [:
R = R, g: R x R™ x [0,T] — RP. This means that we are modelling a dynam-
ical process by a n—dimensional system of nonlinearordinary differential equations,
which depends on an unknown m—vector of parameters u. To this end, a set of data
(measurements) {Z1, Z2, ..., Zs } of the observed p—vector variable z(.), at s different
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instants of time {7, 72, ..., 75}, is given and we should minimize J, a sum of functions
depending on model and observed vectors (most frequently it is a quadratic function
of the residuals (z;(7;) — Z;)). We make the usual assumptions that 7, = T' and the
model functions f,g,l,p; are continuously differentiable.

Parameter estimation problems for ODE systems (or ODE inverse problems) is
a classical matter and have been considered by many authors. Several methods and
points of view were proposed and special structures or statistical concepts were ex-
ploited (see for example [1], [3], [13] [19]). New schemes of numerical integration
were also designed in order to deal with stiff ODE (see [6], [9] and [4]), appearing
frequently in chemical reaction models (see also [20], [22]) and other important fields
of applications.

In this article we are mainly interested in the numerical computation of the solu-
tion. It is clear that the problem (1) only can be approximately solved since, most
time, the exact solution of the nonlinear differential equation can not be exactly cal-
culated and the optimization algorithms are iterative process in character. Therefore,
we decided not to try to solve the continuous problem (1), but to transform it in such
a way that we obtain a simpler problem which gives us a satisfactory approximated
solution.

1.2 Problem transformation

The general idea is to use numerical integration schemes as constraints, instead of
the differential equation, transforming the continuous problem into a discrete one
which can be solved in an easier way. This transformation depends directly on the
numerical scheme of integration that is used. As a general example, we can consider
the following discrete problem in which the system of ordinary differential equations
is substituted by a multi-step scheme of variable order (); and variable step size h; :

k
min - Ji(u) = 3 @; [z, 2],
i=0
s.t.  Tip1 =x; + i F; (mi,xi_l,...,xi_QiH;u), 1=0,1,2,...k—1, (2)
xo = l(u),
2i = gi (Z’“U) ,1=0,1,2,.., k.

As a rule, the partition of integration:
to = 0, tp=T
tiv1 = ti+h;, 1=0,1,..,k—1,

should contains the set of measurement times {71, 72, ..., 75} and hence, to each mea-
surement index j € {1,2,...,s} corresponds an integration index i € {0,1,2,...,k}. If
we define the index correspondence:

. j if ¢ corresponds to j, .
(i) = { g) otherwisep !  0=0,1,.k (3)
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and denote by M the set of integration indexes corresponding to measurements:
M={ie{0,1,2,....,k} | Z(i) # 0},
then, the functions @; in Ji(u) are defined by:
Gilzi 5] = pryleis Zi] Luli],
Zi = ZI(i)s

where 1,7 is the characteristic function of the set M and ¢,,Z, can be defined
arbitrarily.

The functions F; can be taken in several forms. For example, the Adams integra-
tion formulae may enter in its definition, as a linear Predictor-Corrector scheme:

Qi
Fy (@i, @it s @i @1, ) = KEH F (i, u tinn) + ) KP f (@i jin,utiojin)

j=1
(4)
Qi
Yit1 = T + h; Zﬂ?if (Timjr1sutiojr1), i=0,1,..,k— 1. (5)
j=1

where H?, K]Qare the coefficients of the @Q—order Adams-Bashford and Adams-
Moulton schemes, respectively (see, for example, [23]).

The order policy of the scheme can be defined in many ways. For example, increase
Q;, step by step, until a given maximum order for the Corrector is attained @;, + 1
= @Qmax, and then remain on it, QQ; = Qmax — 1 for i > ig :

Qi =min{i+1,Qmax— 1}, i=0,1,. .k —1.

The substitution we made is some kind of ”direct method” approach for the solu-
tion of the inverse problem.

1.3 Integration scheme for stiff problems

In 1976, Enright and Henrici proposed a family of implicit multistep-multiderivative
nonlinear () —order schemes with uniform step length, having several theoretical and
practical advantages [4]. They are specially adapted for stiff problems and, for our
purpose, we used the following simpler and better known second order formula, for
stationary systems:

(6)

Q
T =z +h Y pIT f(@isjra,u) + hp T (@iga,u) +
j=1

+h2p82+2sz (Tig1,u)  f (Tig1,u).
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In order to decrease the complexity of the calculation of the resulting nonlinear
equation and of the gradient computation, we considered also some semi-implicit
variants of such scheme. The idea was to improve the corrector evaluation, using
the Enright’s second order formula as a recorrector. Some details of the variants and
gradient formulas can be seen below. For results on numerical experiments see [17].

2 Theoretical results

2.1 General gradient formula

From practical experience, it is a common opinion that, no matter the algorithm we
are using to solve a nonlinear optimization problem, the better the gradient is com-
puted the better the optimal solution of the problem is (approximately) calculated.
For this reason we recommend to avoid finite differences for computing gradients
in this approach, and deduce and implement exact formulas, based in the following
general lemma;

Lemma 1: Let X,U,Y, Z be normed spaces, (z,u) € XxU,F:UY - Y andG: U — Z
continuously Frechet differentiable operators defined in a neighborhood U of (z,u).
Suppose there exists an implicit function:

z=xz(u):V =X, (7)

defined in neighborhood V' of @, continuously Frechet differentiable in V, which satis-
fies:
z(u) =1, (8)

G(z(u),u) =0, Yu eV, 9)

where 6 denotes the zero element of the normed space Z. Then, the composite func-
tional:
F:V =Y, Flu) = F(z(u),u) (10)

is Frechet differentiable in u and the following gradient formulae holds:
D (i) = D, F(&,i) o M + D, F(#,1), (11)
where M € L(U, X) is any solution of the, so called, sensitivity equation:
D,G(z,u)o M = -D,G(z,u), (12)

and also
D, F(u) = po D,G(z,u) + D, F(z,u), (13)

where p € L(Z,Y) is any solution of the, so called, adjoint (or conjugate) equation:

po DzG(a_Z,ﬂ,) = _DzF(iva)v (14)
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and the symbol L(A, B) denotes the normed space of continuous linear operators from
A to B.

Proof. By assumptions, F becomes Frechet differentiable and the chain rule gives:
D,F(u) =D,F(z,u) o D,Z(u) + D, F(z,u), (15)
Using now (14) we can write:
D,F(u)=—po D,G(z,u) o D,z(u) + D, F(z,u). (16)
Denote G(u) = G(z(u),u). Using (9) and again the chain rule, we obtain the

identity:
D,G(u) = D,G(z,u) o D,z(u) + D,G(z,u) =6, Vu € V, (17)

and then, setting M = D, Z(u), from (15) and (17) we have (11) and (12). In addition,
from (17) we also have:

D,G(Z,1) = —D,G(&,1) o Dyz(i), (18)

Substituying (18) in (16) we obtain (13). H
Remark 1. Observe that if we define a Lagrangian-type operator as usual:

L(z,u,p) = F(z,u)+poG(z,u), (19)
x € X,ueU peL(ZY),

then, the equation (13) can be written as follows:
D F(it) = DyL(%, 0, p), (20)
where p is any solution of the equation (14), which in turn can be written:
D, L(%, i, p) = 0. (21)

Hence, this gives the following useful formulation of the Lemma, 1.

Lemma 2: Under the conditions above, the gradient of the function F(u) = F(z(u),u),
at the point (Z,a) = (x(a), @), can be calculated through the following algorithm:

1) Write down the Lagrangian functional £(z,u, p),

2) Compute the partial derivative D L(x,u,p) at the point (Z,a, p),
3) Find a solution p € L(Z,Y") of the equation (21),

4) Fix p = p and compute the partial derivative D, L(z,u,p) at (T, u),

5) Set D, F(u) = D, L(Z,u,DP).
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Remark 2. The advantage of using formula (13) instead of (11) or viceversa, depends
on the dimension of the spaces involved. Note that we do not need to know neither
the implicit function z(u) nor its derivative. But not always the equations (14) or
(12) can be solved. A sufficient condition for the existence of a solution of (14) is that
the linear operator D,G(z,u) be right-invertible. Left-invertibility of D,G(z,u) is
the analogous condition for a solution of (12). Nevertheless, even when the equations
(14) and (12) are not solvable, function F(u) is still Frechet differentiable but, in that
case, we only can use the implicit formula (15).

We will see now some applications of this Lemma for gradient computation. The
problem of computing gradients in situations similar to the one we considered here is
a classical matter for one step schemes (see, for example, [21]). Recently, it has been
analyzed in relation to automatic differentiation for Runge-Kutta schemes in ODE
models [2] and for finite differences schemes in PDE models [5], including applications
to optimal control problems. The algorithm given by Lemma 2 is a general solution
for the gradient computation of discrete and continuous dynamical models, as the
following examples show.

2.2 Gradient for continuous models

2.2.1 The continuous problem transformation
In the continuous problem (1), we consider:

z(.)ectm, z() € CO?, u e R™, (22)
where C™* = C"([0,T], ®*) denotes the Banach space of r—times continuously differ-
entiable functions on [0, 7], with image into ¥, and the uniform r—norm:

r

g = 3 max
lellene =3 mas

d?x(t)
dti

)
Rk

0
with the usual convention %ﬁt) = x(t).

The differential constraint of (1), together with the initial condition, are equivalent
to the integral equation:

¢
ot) = 1w + [ Fla(r),u,r)dr, (23)
0
therefore, defining the functional:

F(z,u) =Y ®i(z,u), F:C"" xR™ = R, (24)
i=1
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where the ®; : C1'" x ™ — R are given by the continuously differentiable functions:

(I)l(xvu) = @i[g(w(Ti)auaTi)vzi]a i = la s S,

and introducing the operator:
t
G(z,u)(t) = /f Ju, T)dr , G CP x R Ch (25)
0

we can rewrite the problem (1) in the following equivalent form:

min J(u) = F(z,u),
st.  G(z,u) =0,. (26)
(z,u) € X x U,

where, with the notation of the Lemma 1, we have:

X=C"Y=R Z2=C",U=R", (27)

and 6,, is the null function in C1".

2.2.2 Application of the Lemma

In order to apply Lemma (1) we compute the Frechet differentials in a generic point
(Z,u) € X x U. For the functional F, a direct computation yields the formula:

D(ﬂc u)F ZDZQOz i)vzi] [gw(i’(Ti)vﬂv Ti)’l(ﬂ) +gu(i’( ) u TZ)U ]7

(28)
for all (n,0) € CL™ x R™, since g and ¢, are continuously differentiable functions and
the evaluation in 7; is a linear operator.

Now we shall prove that (2,u) = D(, ) F(z,u) is a continuous operator at any

point (Z,%) of C1'™ x R™ using standard arguments of uniform continuity. In fact,
consider the compact set:

R=Im(z) ={zx e R" |3t [0,T]:z =2z},
its corresponding d—neighborhood:

R = {:r € R |d(z,R) = m1n||:r —Yllgn < 5} ,

and the unit closed ball at « :

B =f{ueR™ | |lu—illy. <1}.
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By the uniform continuity of the function (z,u) = D,p,[g(z,u,T;), Zi|gz (2, u, T;)
in the compact set R® x B, for all i = 1,...,s, and for all € > 0, there exists §; €

(0,1), such that, for arbitrary (z1,u1), (z2,us) € R® x B, satisfying ||z1 — @2|o1.n +
lur — uz|lgm < 01, we have:

_ _ €
|D2(10i[g(x17u177_i)7Zi]gm(xlyuh”-i) - Dz(pi[g(l'Q,’UQ,Ti),Zi]gz($2,U2,Ti)| < g

Taking = € C*" such that ||z — #[|¢1,, < min{d, 2}, and [ju — @[ < &, then:

(x(r:),u) € R® x Band || 2(7;) — Z(7i)llgn + llur — ua2llym < 61,
and we obtain:

|1D: F(a,u)(n) = Do F(z,u)(n)] <

S Z ||D2@i[g(x(7i),U,Ti),gi]gw(m(Ti),U,Ti)_

i=1
—D.p;lg(2(74), 6, 7i), Zil 9 (Z(74), 8, 7)o [IN(73) e <
<e lnllgrn -

Analogously, a similar inequality can be proved for D, F, and therefore:
||D(z,u)F(xa U) - D(z,u)F(ja a)”(co,p)* S g,

which implies continuity of D, ) F(x,u).

On the other hand, the partial derivatives of G have the form:

D,G(@,m)(n)(t) = n(t) - / £ @ (), (r)dr (20)
0
D,G(z,z,u)(v)(t) = — Dul(ﬂ)—k/fu(f(T),H,T)dT v (30)
0

and the Frechet differential:

D(a,u)G (T, ) (n,0)(t) = n(t) — Dul(@)o — / (f=(@(7),u, 7)n(7) + fu(®(7), @, 7)0 ) dr
0

(31)

To prove the continuity of D(, ,)G, we proceed in the same way as before, using

the uniform continuity of f,(.), fu(.) and D,I(.) over R® x B x [0,T] and choosing
appropiate bounds. We obtain:

|| [D(ac,u)G(x)u) - D(m,u)G(j)a)] (77>U)|| < E(H’OHCL" + ||U||§RM) )
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which gives the continuity of D, ,)G.

We still need that the Frechet partial differential D,G(Z, @) should be a homeo-
morphism because, in that case, we can apply the implicit function theorem (see [11]
or [7]) and Lemma 1. In fact, D,G(Z, @) is a bijective, linear and continuous operator,
since for fixed (Z,u), the equation:

t

y(t) = n(t) - / f2 (@), T, 7Yn(r)dr, t € [0,T],

0

is a Volterra integral equation of the second type, with bounded kernell, and therefore,
for every function y(t) € C1", there exists a unique solution n(t) € C1" of the integral
equation (see [11] or [7]). Hence, the inverse operator exists and is continuous. This
proves that D,G(Z,u) is a homeomorphism.

Then, by the implicit function theorem, there exists a neighborhood V' C R™ of
@ where the implicit function is defined and is Frechet differentiable:

z=x(u), z:V - CH0,T],R"). (32)

By the above Lemma, the composite function:
F:V >R, Fu) =F(z(u),u)
is Frechet differentiable in @, we have the two formulae:

D.F (@) = D,F(z,@)Dyx(i) + D, F(Z,0), (33)

D,F(u) =po D,G(Z,u) + D, F(z,u), (34)
and p € (C 1’”)*is an arbitrary solution of the equation:

po D,G(Z,u) = —D,F(z,u). (35)

Note that (33) and (34) are two equivalent, but different expresions of the con-
tinuous gradient V.J(a) = D,F(w). The first one uses the n x m—matrix D,z(a),
so called ”sensitivity matrix”, and the second one uses the solution p of the adjoint
equation, when it happens to exist.
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2.2.3 Gradient expression using sensitivity matrix

In this case, the formula (33) is not so useless as it seems in a first sight. We can
use the sensitivity equation (12) which allows us to compute the sensitivity matrix
D,z(@), and it is possible to give a direct proof of this. In fact, as we already saw in
(23), the function z(t) = x(u)(¢) is a solution of the integral equation:

/f ), u,7)dr, t € [0,T], (36)

and we proved that the operator u — x(u), from R™ to C1'", is defined in a neigh-
borhood V of @ and is Frechet differentiable at @. Therefore, the Frechet differential
operator D,z (@), defined in V', satisfies the integral equation:

t
Dyx(u)(t) = Dul(a) + / [fe(2(7), 0, 7) Dya(u) (1) + fu((7),u,7)]dr, t €[0,T].
(37)
where this last formula has been obtained computing the Frechet derivative of the
operator given by the right hand side of (36). Then, the sensitivity matrix M (t) =
D,z(@)(t) can be found solving the equivalent matrix differential equation:

AM(t) _ 4 /= o -
O _ . (25(0), 3, )M (1) + fu(2(0),3,1), ¢ € 0,7,
M(0) = D,I(a). (38)

The final expresion for the gradient, when we use (33), is the following:

S

V(@) =Y [Do®(2(r:), @) M (1) + Du®s(2(7:),1)] , (39)

i=1
or

S

VJ(@) =) Dapilg(#(ri),a,72), 2 [92(@(73), @, 73) M (73) + gu(2(r3),@,73)], (40)

i=1

where the matrix M (t) is the solution of (38).

2.2.4 Gradient expression using adjoint equation

In order to apply the second formula (34), we must find a solution of the adjoint
equation. This a non trivial task, and we shall see that it yields a more complicated
expression for the continuous gradient. Then, this second formula is used only in some
particular cases. Nevertheless, as we shall show below, for the gradient of discrete
time dynamical models the adjoint form is always preferred.

We start using the expression of Dy F' from (28) in (35), obtaining:

pOD G iL’ U ZDZ(PZ , U Tz) Zz]gz(j(’ri%ﬂ:Ti)n(Ti)' (41)
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According to the Riesz theorem, which characterizes continuous linear functionals
over (%", we will try to find the solution p € (Cl’")* of (41) in the following form:

T
ply] = / y(r)dip(r),

where the integral is considered in the Riemann-Stieljes sense, and the bounded vari-
ation function ¢(t) will be conveniently chosen. Note that the solution does not
necessarily exist, since (C®")" is strictly contained in (C™)", but if it do exists, then
it should be unique, since D,G(Z, %) is an homeomorphism.

The right hand side of the equality (41) suggests that ¢ must have jump discon-
tinuities at the points {r;, i = 1, ..., s}. Recalling that 74, = T, we define:

ply] = 25;11 [Y(Ti +0) — 1/’(7'1 - 0)]T (Tz) Y(rs — 0) ( s)+
+ fyt By (rydr + ) [T Sy (r)dr,

dr

where t(t) is supposed to have continuous derivative at each open subinterval (0, 71),
(Ti, Ti+1), 1= ]., ey S

Using (29) and notations:
f(t) = f(=(),,1),
(0) = 9 (1), 1), ()
n (41) we have:
po D@2 T)(n) = X1} (i +0) — v(rs—0)] [n(n)— T fa(rn(r)dr] -
_¢ (Ts—o)[( PES f()( dr]+f” S [n(r) = J§ f(0)n(o)do] dr+

ST A ) = [ fa(o(e)do)dr = 3 Dapl(ri), 2lga (ridn(ro).
(43)

The last equality allows us to define the values of the jumps of ¢ at the points of
discontinuity:
z/}(Ti + 0) - ¢(Tt - 0) = 2301[ ( ( i)vﬂv Ti)agi]gw(f(ri)vﬂa Ti): i=1,.., 35(44)
P(rs+0) = (T +0)=0.

Simplifying and introducing the terms £¢* (7, 4+ 0) [* fo(T)n(7)d7 in (43), we
obtain the identity:

=i Wi+ 0)_ 0" Jo* fa(r)n(T)dr+
+ (rs +0) fo* Fo(T)n ) dr + f” i <T> [0(r) = Jy Felo)n(o)do] dr+  (45)
Sist I D n(r) = fy Feo)n(o)do] dr = 0.
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Integrating by parts we have:
J7 50 () faom()de) dr =
= (- 0) (o' fe(o)m(o)do) dr — [T 4(7) fo(T)n(r)dr
and
7 G (Jg Fe(o)n(o)do) dr =

_¢(TZ+1 0) (fy fz( yn(o)do) dr —(r; +0) (f5* fo(o)n(o)do) dr—
— [T () fa (T ) (T)dr.

Using these last expressions in (45):

-2 [¢(n+0) P(ri = 0)]" [y ( ) (r)dr
T (75 + 0) [T fu(r)n( dr+f“ Ll ( )_r
_1/} 7-1_0 (f() fz U) )dg) dT+f0 T fﬂc( ) ( )dT+

f““ o (r)dr—
—Z y (BT —0 ) (Jo ™ Falo)n(o)da) dr —p(ri +0) (fy* fulo)n(o)do) dr] +
+ Y00 [T () fe(r ) (r )dr

and simplifying, we obtain:

Iy [‘“” D) 1 () ()| m(r)dr+
ict f:f“ [TT) + ZZJT(T)fz(T)} n(r)dr = 0.

Since i is arbitrary, we have that ¢ must be the solution of the equation:

p'(t)
dr

_¢T(t)fz(j(t)7ﬂ;t)v (46)

at each subinterval (0,71), (74, Ti+1), # = 1,..., s, and satisfies the initial (or jump)
conditions given by (44). The exact values of ¢ at the points of discontinuities:
¥(1;), 1 = 1,...,s, are not important for gradient calculation, but only the values of
the finite jumps [¢(7; + 0) — (75 — 0)]. The function ¢ can be defined left or right
continuous at those points, arbitrarily, but for the extreme points 0 and 7, = T, it is
usual to consider v as right continuos and left continuous, respectively, i.e.

$(0) = ¥(0+0),
P(rs) = (75— 0).
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Substituting the expression of p in (34) we have:

DL F@)o) = - S, [¢(n+o>—¢<n—0>r[ (@ + [ Fu(r)d }w
= 0) [ " ffu ] i d«p,r(r) [ (J)T” ]ndT_
r

fn+1 dw (r) [D (@) + [ fulo )dg} odr + E D.pilg

=1

OS‘\

) ZZ]gu(TZ)U

O%ﬂ

where we used again the notations (42).

Integrating by parts and simplifying, as we did above, we obtain the final expres-
sion for the gradient:

VJ(a) = DyF(u) = %ZST(O)Dul(ﬂ) + [y (1) fu(E(), W, ) dr+
+ E le_H 171 ( )fu(f(t))ﬂv t)dT + ; Dz(pi[g(j(Ti))ﬂa Ti): zi]gu(f(,ri))ﬂa Ti):
(47)

where ¢(t) is the solution of the adjoint equation (46) at each subinterval (0,7y),
(T4,Tir1), ¢ = 1,..., s, with the initial (jump) conditions given by (44).

The advantage of the expression (47), in comparison with (39), is that the adjoint
equation (46) is a vector instead of a matrix differential equation, i.e. we have n
differential equations for the adjoint function, instead of n? equations, given by (38),
for the sensitivity matrix. As drawbacks, we can mention a more difficult integration
of the system (46) because, during computation, we have to keep in mind the dis-
continuities, and also the more complex form of the gradient, which some times is an
obstacle for further theoretical developments.

2.3 Gradient for discrete models with fixed steplengths

2.3.1 Gradient for multistep explicit models

We consider now the discrete problem (2). First, we suppose that the integration step
lengths h; are given and fixed, for all i = 0,1,...,k — 1. A usual example is when a
uniform step length h; = h, Vi, is chosen. In the next section we analyze a general
model for automatic step length control.

Introduce the notations:
X = (1'0,1'1, "'7xk)T,
X; = (€0, &1,y Tit1-Q;) » 0 =0,1,..,k— 1,
(I)i(wlv ) @z[gz(xz: ) Z1(i )], 1=0,1,..,k,

@i[zia gz] = (pj_'(z) [Ziazl'(i)] ]-M[Z]) 1= 07 ]-> ey k:
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(ij(xj,u) = vlgsi) (@ 7G),u), %], 7 =1,2,...,5,
where 7 : {0,1, ...k} — {0,1,..., s} was defined in (3) and 7 : {1, ...,s} — {0,1,...,k}
is a left inverse of 7 over {1,..., s}, i.e. J(j) is equal to the unique i € {0,...,k} such
that Z(i) = j. We also introduce the operators:

G(x,u) = (zo — l(u), 21 — B0 — hoFo (X0, u), ey T — Th1 — hie—1 Fe1 (Xe—1,u))"

and it is easy to see that the problem (2) can be written in the following equivalent
form:
min  Ji(u) = F(x,u),
s.t. G(X, u) = Okn- (48)
(x,u) € X x U,

where:

X =R, U ="

If the functions @;, g; and F; are defined for all (z,u) € X xU and are continuously
differentiable then, the operators F' and G are also continuously differentiable and we
have the following expressions for the partial derivatives:

DxF(Xau) = [ thbﬂ(mﬂau) thbl(mlau) T Dz(}k(mkau) ] ’
k
DyF(x,u) =Y Dy®i(xi,u)

i=0
I 0 0
—I—hoDzOFg(Xo,u) I 0

DxG(Xau) = _thzoFl(leu) _I_thmFl(Xl:u) 0 )
—hk—1Dgy F—1 (Xg—1,u) —hp—1Dg Fp_1(xp—1,u) -+ I
—Dyl(u)

—hoDyFy(x0,u)
D,G(x,u) = .

—hg—1 Dy Fr—1 (Xp—1,u)

Furthermore, it is clear that the difference scheme defines an implicit continuously
differentiable function x(u), such that G(x(u),u) = 0, for all w € U. We can apply
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Lemma 1 and then, the composite function F(u) = F(x(u),u) is differentiable at any
@ € U, and the following formulae hold:

VJi(a) = DxF(%,u) Dyx(a) + D F (X, u), (49)

VJi(u) = po D,G(X, W) + D F(X,u), (50)

where we denote X = x(@). The (k+ 1) *n X m—matrix D,x(@) is the solution of the
algebraic matrix system:

DxG(%,u)D,x (1) + DG (X, %) = 0 (141)nxm
and p is the solution of the adjoint vector system:

P'DxG(X,u) = —DxF(X,u).

If we define Dyx(@) = (Mo, My, ..., My)*, M; € R**™ and p = (po,p1,-..,Pk)",
p; € R™, it is easy to see that both auxiliary systems can be rewritten in the following
form:

My = D,l(a),
Qi
Mgy = Mi+hi | Y Do, Fi(Ri,a)M;_ji1 + Dy Fi(%5,a) |, i=0,1,...,k—1,
j=1
(51)
p§=p§+1+z pzT+1hDIlF(x,, a) — D,®;(z;,a), j=k—1,...,0.
and then, the final expressions for both gradients follows:
k
V(@) =Y [Dp®i(i, ) M; + Dy®;(2;,0)], (53)
i=0
k—1
V(@) = —pyDul(@) = Y phyy hiDuFi(R;, @ +ZD ®;(%;, 1 (54)
=0

Now it is clear that, in the case of discrete dynamical models, formula (54) is
always preferred against (53) since the discrete adjoint system (52) is n—dimensional
and the discrete sensitivity system (51) is n X m—dimensional. In fact, the total
number of dot products in (52) and (54) is less than (k *n + (k 4+ 1) * m), while the
number of dot products in (51) and (53) is greater than ((k — 1)? xn? + k xn xm),
and this means a great handicap in computational efforts.
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2.3.2 Gradient for implicit and semi-implicit models

Up to now, we constraint ourselves to explicit schemes, but similar formulas can be
derived for implicit schemes, following the above general procedure. For example, if
the right hand side function depends on z;t1, F(zit1, i, ...,u), the only difference
appearing is that both auxiliary systems become implicit schemes, but the gradient
expressions are not more complex and can be easily obtained. The results for the
particular case of Enright’s scheme and a its semi-implicit variant for stationary ODE
models are the following:

The implicit model is:

k
min J(u) = E ?; [Ziv Zi] )
=0
& Q2 i+2
stz =xi+h Yl fisjr (@i jan,w) H hpg T fivn (i, u) +
i—1

‘77
+h2p[)Qi+2DIfi+1 (1’i+1,u) 'fi+1 (mi+17’u‘) ) i = 07 ]-> 27 ey k— ]-7

Lo = l(u))
zi = gi (vi,u), 1=0,1,2,..., k.

and the corresponding gradient formula follows:

k
Vi(a) = —Zh{lepQ i+ Dy f(xiy1,u) +pf+1hp0"+2[Dmuf (Tip1,u) f(Tig1,u)+
i=1
k—1Qr—1
+Dﬂvf(mi+17 ) Uf Tit+1,U } Z Z hpz—i—lpgkf_ TDuf (CET,’U/) -
r=0 i=r

—ZAT L9 (xi,u) - pyDLI(@),

where the multipliers p; and A; are the solutions of the following implicit discrete
system:

pr [I— h.p@ 2D, f; (x:,u) — h? Qi”( we fi(xiy w). fir1 (zi,u) + Dj fi(wi, ))} =

pzT+1 + Al Dzgi (ziyu) + Z ZQZ_I h |:q]+17r]Q+z 1t q]JrlKle 1 +pj+1P]QJﬁj21j| (zi,u),
t=0,1,..,k—1,

Pk [I—h.poQi“szk (zk,u) — B2 pG i+ (Daw i (@, u). fr (zh, ) +D3fk($k7u))] = X Dagi(r, u)

Ai = —D,o(zi,u),i =0,1,....k
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The semi-implicit model is a predictor-corrector-recorrector scheme:
. k ~
min J(U’) = Z Pi [Zia 21] )
=0
o o
st Y1 =z +h Y w7 i (Tioji,u),
j=1
Qi
i 1 i 1
i =i+ h K& fir1 (i1, u) + b Z K& fi i (@i g, ),
=1

Tiy1 =T +h Z P i @iy, u) + hpd P fi (i, w) +
j=1

+h2P0Qi+ Dwfz—i-l(yichl:u)-fi+1(yzg+1vu): i=0,1,2,..., k-1,
Lo = l(u)a
zi = gi (zi,u), i =0,1,2,.., k.

and the corresponding gradient formula follows:

— k i i
V(@) = = Sh b [0 KE T Duf(yisn, w) + o Duf (i, u)+
Pz+1hPQ i+ ( muf(yi+1,u)f(yf+1, u) + D f(yf+1,u)Duf(yf+1,u))] -
7‘71 i it+1 i+2
- Z EQ [qfﬂﬂglq + qf—T—leil r T Pf+1/)?+17r] Dyf (zr,u) —
— Yo A Dig(xiu) — phDLl(w)
where the multipliers p;,¢;,¢f and A; are the solutions of the following simpler
equations:
Pl | I —hpdit’D, f; (wi,U)} =qiq 4T+ Pl + N Dagf (T, u) +
1_1 i i
- ZQ [qu'+17"§2+i—1 + QJCLKJ?H 1 +P]+1PJ+, 1] Dy fi (zi,u),
i1=0,1,..., k-1
Pk = M Da g (zk, 1)
q;!‘+1 =h- ql'c-f-lK(?i+1Dwfi+1 (yi+17u) ) i = 07 17 EE) k— 17

a5ty = W22 p8 T (D fisn (Y5 1s ). firr (s, w) + D2 fipa (y§ 1, u))
i=01,. k1,

)\’zl‘ = —Dm(p(Z“’U,) 5 Z = 0, ]_, ,k

2.4 Gradient for discrete models with automatic steplength
control

All the common used software for numerical ODE integration contains an automatic
step length selection, which takes into account the behavior of the right hand side
during computation. The step length control is always based in an estimation of the
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local error and its selection is performed making this error estimate less than a given
tolerance. At each integration step, several trial step lengths can be tested until a
convenient one is found, i.e. one whose estimated error is small enough. In what
follows, we propose a model for automatic steplength selection which, in our opinion,
cover almost all the common used ideas for step control policy.

Suppose we are integrating the ODE system of the continuous problem (1). We
denote by h; ; the j—th trial steplength at integration step i. We assume that the max-
imum number of trials is equal to jpax, and it is the same number for all integration
steps. This is not a heavy assumption because, at the beginning of the computation,
an initial steplength h; 1, satisfying Amin < h;;1 < T, is given and succesive decreasing
lengths h; ; are tested until we have a success or a failure. In most cases, a failure
ocurred when h; ; becomes less than a prescribed minimum length hpyin. Therefore,
the maximum number of trials is bounded above and satisfies:

e < Tt [ 2| 1,
min

where Int[z] denotes the greater integer less than or equal to z. On the other hand,
in practice, the number of tested trials j; is different at each iteration 7 and very
frequently j; is less than jpax. But the assumption j; = jmax, ¢ = 0,1, ...,k — 1, has
only theoretical meaning, as it can be seen later, and it simplifies further analysis. In
addition we suppose the integration process is always successful because, otherwise,
the computation is stopped and neither gradient formula nor convergence analysis

have any sense. We call this the ”always successful” assumption.

We denote by e; ; € R, the local error estimate corresponding to h; ;. The accepted
step at ¢ is one of the h;; and is denoted by h;. Analogously, the corresponding
accepted error, denoted by e;, is one of the trial error estimates e; ;. At each step ¢,
the initial trial h;; is constructed as a product of a function of the last accepted error
times the last accepted step:

hi,l = R(ei_l)hi_l, 7/ = 1’2, ,k _ 1’

with the exception of i = 0, for which is supposed that it is a function of both, the
initial state and the parameter vector:

hoy = Q(zo,u).

After an unsuccessful trial step h;;, which means that its corresponding error
estimate e; ; is not less than or equal to some given tolerance, say € > 0, the next
trial is chosen multiplying h; ; by a function of e; ;:

hi,j+1 = T(ei,j)hi,ja = 07 17 7k - 17 .] = 1727 ---:jmax -1
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The error estimate can be obtained in several forms. For example, recomputing
with half of the current steplength or using another scheme of higher order, etc... In
most cases, it can be considered as a function of the vector x; = (24, Ti—1, ..., i—Q; ),
the parameter vector v and the trial steplength h; ; :

€i,j = E(Xi7u>hi,j)7 i = 0> ]-7 7k - ]-a ] = ]-72> '--;jmax -1

Finally, our model requires the explicit link between h; ; and h;, and between e; ;
and e;. For this end, we define the following sequence of cartesian products of sets:

0.6 = [0.e],
0,67 = (0,6 x (0,617, 5 =1, Gona,
where [0,¢]° denotes the complement set R\ [0,€]. it is easy to see that, under
the ”always successful” assumption, for each i there exists one and only one index

Ji € {1, ..., jmax} such that, the j;—dimensional array (e; 1, ..., €;,j;) belongs to the set

[0,5]“” . Note that the ”accepted” index j; corresponds exactly to the first occasion
when the error e; ; is less than or equal to €. Hence,

Jmax
hi = Z hiJ]‘[O,E](” (eiyl, ...,ei,j) , = 0, ]., ,k‘ - ].,

=1

and

Jmax

€; = E el"j].[o’g](j) (6@1, ...,ew-), 1= 0, ]., ,k? - ].,
j=1

where 14(z) =1, for z € A, and 14(z) = 0, otherwise. Observe that:

e L J 1 if e;; ¢ [0,¢], forl < j, and e; ; € [0,¢],
Lo g (€is oo €ig) = { 0 otherwise,

and we can even write an exact formula for the accepted index at step i :

Jmax

j=1

Then, one model for parameter estimation, using ODE integrators with automatic
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steplength control, is the following:

k
min Jh7k(u) = ZO@Z [Zi,gi],
S.t. Ti+1 = T4 :— thz (mi,mi_l, e Ti1—Qi U,) , 1= 0, 1, 2, ceny k— 1,
xo = Il(u),
ho = Q(zo,u),
hi7]’+1 = T(6i7j)hi7]’, 7= 0, 1, ,k — 1; ] = 1,2, ---7jmax — 1, (55)
6i7j = E(xi,u,hm), ’L = 0, 1, ,k — 1; ] = 1,2, ..-,jmax - 1,
€; = €5, = g';}x 61'7]'1[075](]‘) (6@1, ...,6i7j) s 1= 0, 1, ,k‘ - 1,

hin = R(ei—1)hi—1, i = 1,2,k — 1,
h; = hj, = E]m’xh 105](j) (€inyemeij), 1=0,1,.k—1,
Zl:gl (xla )7 7/—0 1,2,...,]{:_

Here, all the vectors x = (20,..., Zx), M = (€0,1, -+) €k—1,jumar ), € = (€0y -, €k—1), H =
(ho,15 0y Pk—1,jumax), B = (o, ..., h—1) enter as ”state” variables and u is the un-
known parameter vector. Assuming continuous differentiability for all the functions
¢, Fi,1,Q, r, E, R, g;, with respect to their arguments, it is not difficult to prove that
Lemma 1 can be applied again. Then, the gradient V.Jp ;(u) can be computed fol-
lowing the same algorithm given above. We shall show only the landmarks of the
gradient calculation, in adjoint form, and leave the details to the reader.

Keeping the same notation as before, the Lagrangian function can be written as
follows:

E(X7 n? e7 H7 h’ u) =

k k—1
= E @i(xi,u) + E p{+1 [«Ti+1 — i — thz (mi,mi_l, e Lih1—Qi U)] +pg[m0 — l(u)]-l—
i=0 =0

k—1 jmax
oo thon = Q@o,w]+ 3 2 @ijen [higen —rlei)hisl+
=0 j=
k—1 jmax k—1 j
+> 3 Vi [617] (xi,u,hm)] + > B; I:ei — Ej'“al" ei ;1 [0,£]@) (€i71, ---:ei,j)] +
= 0 j=1 i=0

k—1
+ E ai1[hig — R(ei—1)hi—a]+ ) 6; [ Z]mx hi il (ein, ---aei,j)] ,
=0 =0

where p;,a; j,7; ;,8; and §; are the adjoint variables. Computing derivatives with
respect to each one of the state variables, and equating to zero, we obtain the following
adjoint (backward) system of difference equations:

p% = _D.Tq)k(mkau)a
k—1

p;/f - p{+1 + Z pr{+1hithFi(Xiyu) - D:t(ﬁt(xt;u)'k
= (56)
—1 Jmax
+ E E ’)/i7ijtE(Xi,U,hi7j) + Oé071DxQ(.T0,’U,)1{O}(t), t = k — 1, ...,0,
i=t j=1
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Op—1 = 0,
Br—1 = ppFr—1(Xg—1,u),
’Ytyjmax = 6t 1[075](]‘max) (6t71, ceey et7jmax) s t=k— 1, ceey 0,
Ot jmax = 7t,jmathE(xt7 u, htyjmax) + ﬁt 1[075](]‘max) (em, ey et7jmax) ,t=k—1,...,0,
’Yt,s = at,s+1DeT(et,s)ht,s + 6t 1[0’51(5) (6t71, ---7et,s) , S = jmax — 1, N 1, t= k — 1, ...,0,
ats = apsiar(ess) + 7 s DB (Xe, U, bt s), 8 = Jmax — 1, .., 1; t =k —1,...,0,
ﬂt = p"tht(xt,u) + at+1’1R(€t+1), t = k‘ — 2, ...,0,
6t = agp11DeR(et1), t=k—2,..,0.
(57)
If j; denotes, as before, the index corresponding to the accepted error and steplength,
we note that:
Lig e (et,15--r€1,5) =0, for s # jy,
and this implies v, , = ats = 0, for all ¢ and all s > j; + 1. For this reason, the
number jmax can be changed by j; in all the expressions of (57), and the characteristic
functions won’t appear. Then, (57) takes the form:

0r—1 =0,

Br—1 = PpFr—1(Xk-1,u),

’Yt,jt = 6t, t=k— 1,...,0,

Qt,j; = ’Yt,thhE(Xt,U, hij,)+ B, t=k—1,..,0,

Vs = Qtsp1Der(ers)hes, s=ji—1,..,1; t =k —1,...,0,

Qs = at,s+17'(et,s) + 'Yt’thE(Xt,’U,, ht,s); S = jt — ]., veey ]., t=k— ]., ey 0,
By = piFir(x¢,u) + auq11R(er1), t =k —2,...,0,

0t = app1,1DeR(€441), t=k—2,...,0.

(58)

Finally, the Lagrangian function derivative, with respect to u, gives the adjoint
gradient, formula:

k k1
Vipi(u) = Y Du®i(zi,u) — > piyihiDuFi (x5, u) — pgDyl(u)—
=0 =0
k—1 Ji (59)
—ap,1 D, Q(wo,u) — > > v jDuBE(Xi, u, hij).

i=0 j=1

Remark 3. If the function @) does not depend on u, and the functions R and r have
derivatives Dy R, Dyr equal to zero then, D, @ = 0, and v, ; = 0, for all i, j. Then, the
formula for the gradient VJp, 1 (u) of the model with automatic steplength selection is
identical to the formula for the gradient V.Ji(u) of the model with fixed steplengths.
The only difference is that in the later case we know the steplengths before the inte-
gration and in the former case after the integration. The assumptions for @, R and
r are not so strongs as they look like. Frequently, piecewise constant functions R,
r and a constant function () are used. A constant () means that a fixed step, say
ho,1 = 1072, is always taken at the beginning,. Piecewise constant r or R means that
the factors for step changing remain constant when the local error estimate lies in
certain fixed intervals.
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We collect all the above results in the following:

Theorem 3: Let be the continuous parameter estimation problem (1). Then, under
” always succesful assumption”, the problem (55) can be considered the discrete model
we obtained if the integration is accomplished using an automatic steplength selection
and a multi-step scheme. Furthermore, the gradient (adjoint form) of Jj, 1 (u) is given
by (59), where the multipliers are the solution of the adjoint system (56),(58). In
addition, if () does not depend on u and if R, r are piecewise constant functions, then
VJh i (u) is equal to VJi(w), for all u € R™.

Remark 4. It is also possible to increase the model with an usual order selection
policy, i.e. adding order selection equations like:

Jmax

Qis = s Z Lo (€515 €05) 5
j=0

Qi+1 = min {QIIHSIEO Qi,s; Qmax - ]-} )
where the local error estimation €7 ; at step i, would depend not only on the steplength
hij, but also on the order s. But this is irrelevant, since the derivatives of @;, with
respect to z and u are zero and the formula for the gradient remains unchanged.

2.5 Hessian for continuous and discrete models

If we assume that ¢;, f,g and [ are continuous and twice continuously differentiable
with respect to (z,u), then J, Jp and Jj ; are also twice continuously differentiable
and it is only a matter of (tedious) calculus the computation of the Hessian functions
V2 I (u), V2 Iy (u), V2 Iy 1, (u), following the algorithms given in Lemma 1.

For example, the model for the continuous gradient V.J(u) (using sensitivity form)
is given by:

VI (u) =Y [Da®i(x(rs), u) M(rs) + Du®i(x(ri),u)]

i=1

where:

#(0) = i(u),
M(t) = fa(x(t), u, )M (t) + fu(z(t),u,t), t €[0,T],
M(0) = Dyl(u)
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A direct computation gives the sensitivity form of the continuous Hessian:

Mm

V2J(u) = 3 [M™(1;)D2,®;(x(7:), u) M (1;) + De®;i(x(7;), u) M(1;)+

+2D2 ®;(z(1;),w)M(;) + D2, ®;(z(1:),u)]

i=1

where M (t) = D, x(t) is the n x m—matrix, solution of the original sensitivity system,
and M(t) = D,M(t) is a n x m X m—tensor, solution of the following additional
sensitivity system:

%t(t) = MT(t)fzz(l'(t) u, )M(t) —f-fm( ( ) u t) (t)_+_
+2fum(m(t)vu) ) (t) +fu ( () ) [O,T],
M) = D2,1(u).

As another example, we write the model for the discrete gradient V.Ji(u) (using
sensitivity form):

k
VIp(@) =) [Do®i(wi,u) Mi + Dy ®i(xi, u)]

=0
where:

Tiv1 = x; + hFy (x,u), 1=0,1,2, .. k—1
Zo :l( )

Mz+1—M + h; ZDzl ]+1F(Xz> )Mz J+1+D F( ) ,iZO,l,...,k—l,

MO—Dul( ): Qt—mln{l+1 Qmax_l}

)

Then, the Lagrangian is written as follows:

L6, Mu) = S8 [D®i(zs, u) M; + Dy ®; (2, u)] +
+ Zf:_gl [Tiy1 — 3 — hiFy (x4, )] Mz’+1 + [wo — 1(u)]" Mo+

+Zl 0 ”z+1 My — M; — E D,,_ J+1F(Xu a)M; j+1 1t Dy F("u“))

j=1

_|_

+7 [Mo — Dyl(u)],

where x = (xg, ..., xx) and M = (M, ..., M) enter as state variables and M;, 7; are
adjoint n x m—matrices and n—vectors respectively.

Following the same routine, we compute derivatives with respect to each one of
the state variables, equate them to zero and, after convenient rearrangements, we
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obtain the following adjoint system:

T = —Dm‘I)k(ka,u),

Qi
T =mi + _E,thJT'-HDwiFJ'(iJ’ u) — Dy®;(zi,u), 1 =0,k —1,
j=i
Mk = —D%mék(mk,u)Mk - sz(ﬁk(l‘k,u),
k—1
M; =M + E hjDg, F;(Xj,u)Mjt1+

j=i
k=1 | [ Qn
+ > (E 7T§+1tha2zjziFj(ijaU)> M, + 7"7T~+1hrD«2mFr(irau)
r=i J

_Dgxq)i(wla )M D (I)(mla )7

where Q; = min {i + Qmax — 1,k}.

The derivative of £ with respect to u gives the following adjoint form for the
discrete Hessian:

V2Jk() S [D2, @i (s, )M + D2, ®;(xi,u)] —
- E hi Dy F} (Xi, u) M1 — Dyl* (u) Mo — 75 Dyl (u) —

=0

k=1 | [ Qn
-2 [(E 7T§+1th§quj(?_<jaU)> M, + 77 hy D}, F (X, u)
r=0 j=r

3 Conclusions

In the present paper we stated and proved some fundamental results related with
inverse problems in ODE modelling which we resume as follows:

1) We proposed some kind of ”direct approach ” for the solution of the inverse
problem, substituting the ordinary differential equation by a difference scheme. This
is a general approach and can be used as well for other dynamical model,

2) We strongly recommended to use exact formulas for the gradients of the discrete
approximation schemes instead of using a finite difference approach. For this reason
we gave also a general method for their calculation,

3) We developed complete proofs of the gradient formulas for the continuous in-
verse problem and for several of its discrete approximations, using explicit and implicit
multistep schemes.

4) As far as we know, the model and results developed for the case of integration

by automatic steplength control are completely new. We also included some formulas
for the Hessian matrices.
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